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Given the set V~ of all vectors with length n and components 0,1 . . . . .  k - 1 from the ring of 
the integers modulo k, the Hamming distance H(X, Y) between X, Y ~ V~ is defined as the 
number of components in which X and Y differ, and the j-dimensional rook domain of X ~ V~ 
is defined as the set of vectors in V~ within distance j from X. 
A subset H of V~ is a (n, k, s)-covering set if V'~ can be obtained as the union of the 
(n -  s)-dimensional rook domains of the vectors in H. The covering problem for V~ consists of 
the determination f the minimal cardinality T(n, k, s) of such a subset. 
The search for the maximal number of disjoint (n, k, s)-covering sets is known as the coloring 
problem for V~ and this number is denoted by 8(n, k, s). 
In this paper we obtain some general bounds for the functions T(n, k, s) and 8(n, k, s), and 
calculate some of their values for the cases s ~< n-  2. 
1. Introduction 
Let V~ denote the set of all vectors with n components, each component having 
the values 0, 1 , . . . ,  k - 1 taken from the ring of integers modulo k (n I> 1, k i> 1). 
This set becomes a metric space by defining the Hamming distance H(X, Y) 
between two vectors X and Y as the number of components in which they differ. 
The i-dimensional rook domain (0 <~] ~ n) of a vector in V~k is defined as the set 
of all vectors having distance ~<] from the given vector. 
A subset H of V~k is said to be a (n, k, s)-covering set ff the (n - s)-dimensional 
rook domains of the vectors in H cover V~k, i.e., if any vector of V~k is within 
(n - s) distance of some point of H; we define T(n, k, s) as the minimal cardinality 
of such a subset H. 
When s=n-1 ,  this number is generally denoted by or(n,k) (i.e., 
T(n, k, n - 1) = or(n, k)). In what follows we shall denote by [x] the largest integer 
not exceeding x, and by Ix] the smallest integer not smaller than x. 
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The main known results on y(n, k, s) are, according to [3, 4, 6, 7, 8 and 9]: 
(I) 0-(2, k)= k, 
(11) 0-(3, k)=[112(k2+ 1)], 
(Ill) 0-(n, k)= k" / ( l+n(k -1) )  if k is a prime or a power prime and the 
right-hand side is an integer, 
(IV) 0-(n, rs)<--s"-10-(n, r), 
n- -1  n- -1  (V) o-(n, rk+t)<~(k+l)  d,+Y.i=l (k+l)*k"-X-idi, where di is the number 
of vectors of a (n, r, n -1 )  covering set H with exactly i components from 
{0, 1 , . . . ,  t -  1} and (n - i) components from {t, t + 1 , . . . ,  r -  1}, 
(VI) 0-(2p + 3, p) <~ (p - 1)p 2p if p is a prime number, 
(VII) k"- l l (n - 1) ~< o-(n, k), 
(VIII) k2/(n - 1) <~ y(n, k, 2). 
In cases (VII) and (VIII) a necessary condition for equality is that (n -  1) 
divides k, and in (VIII) a sufficient condition is that there exist (n -  2) orthogonal 
latin squares of order k/(n - 1). Barring the cases where equality holds in (I), (II), 
(III), (VII) and (VIII), the known values of o-(n, k) are: 
0.(n, 2) = 4, 7, 12, 32 for n = 4, 5, 6 and 8, respectively (el. [7]), 
0.(5, 3)= 27 (cf. [2]) and 
0-(4, 4)= 24 (cf. [6]). 
These covering problems are related with the following problems, known as 
coloring problems for rook domains (see [1]): Let 0~s  ~<n and let C be a set of 
distinct colors; suppose we assign to each vector of V~ a color from C in such a 
way that the (n -  s)-dimensional rook domain of each vector in ~ contains a t  
least one vector of each color (in this case, we call C an (n, k, s)-coloring set): 
What is the maximal cardinality of such a set C? We define by 8(n, k, s) this 
maximal cardinality. When s = n - 1, this number is denoted by to(n, k). 
With respect o the function 8(n, k, s) it is known that (according to [1] and 
[4]): 
(IX) to(l, k) = k, to(n, 1) = 1, to(2, k) = k, to(3, k) = 2k if k is even and 2k - 1 if 
k is odd, 
(X) to(m, k)>~to(r, to(n, k), to(n, 2k)>---2to(n, k), 
(XI) to(n, k)<~ k(n - 1), where equality does not hold unless (n - 1) divides k, 
(XII) to(n, k) = 1 + n(k - 1) if k is a prime or power prime and 1 + n(k - 1) 
divides k n. 
The case 0.(n, 3) has a very interesting application, giving us the most efficient 
way of guaranteeing (n -  1) correct forecasts in a football pool: with n matches. 
The computations of the exact values of the functions 3, and 8 constitute a very 
hard combinatorial problem: the determination of 0"(5, 3) ---' 27, for example, takes 
11 pages (see [2]). 
Applications of the general cases of y(n, k, s) (and also of 8(n, k, s)) are less 
obvious, except in the case of ~,(n, 3, s) which may be seen as the most efficient 
way of assuring s correct forecasts in a football pool with n matches. 
In this paper we obtain some new bounds for ~/and 8 (which usually appear in 
dual form) and determine some of their first values. 
Rook domains: covering and coloring 11 
2. General bounds 
Given an (n, k, s) coloring set C, it is clear that the set of vectors colored with 
one of the colors of C is an (n, k, s)-covering set; thus, 8(n, k, s) may be seen as 
the maximum number of disjoint (n, k, s) covering sets; we have, then: 
Lemma 1. 8(n, k, s)3,(n, k, s)<~ k n. 
Lemma 2. Let v = ~' -~ (7)(k - !) i, then S(n, k, s) <~ v and y(n, k, s) >t k"/v ; in both 
cases, equality cannot be attained unless v divides k". 
Proof. An (n -  s)-dimensional rook domain has cardinality v; so, at least k"/v 
vectors are necessary in an (n, k, s)-covering set, and at most v colors are 
possible. If v fails to divide n, then [kn /v ]+ l<~(n ,k ,s )  and by Lemma 1, 
6(n, k,s)<-k"/([k"/vl+ l )<v.  [] 
If H, H '  are subsets of V~ and V~ respectively, we define the direct sum of the 
vectors X=(a l , . . . ,a , )eH and Y=(b l , . . . ,bm)eH'  as the vector X .Y= 
(a l , . . . ,  an, bx , . . . ,  bin) in V~ +~ and H-  H '  as the set  H.  H '={X.  Y: XeH,  
Ye  H'}. 
Lemma 3. (a) If O<m<n,  O<q<s,  n-m~s-q ,  and m>~q, then v(n ,k ,s )  < -
~/(n - m, k, s - q)~/(m, k, q) 
(b) "y(n + r, k, s + r)~krv(n,  k, s). 
Proof. (a) Just take as an (n, k, s) covering set for V~ the direct sum of a minimal  
(n - m, k, s - q)-covering set for V'~k -m and of a minimal (m, k, q) covering set for 
Vr .  
(b) Consequence of part (a), since V(r, k, r )= k r. [] 
The following relations are also easily verified: 
Lemma 4. If 0 ~ s <~ n, then: 
(a) v(n + 1, k, s) <~ v(n, k, s), 
(b) v(n, k, s) ~< 3,(n, k, s + 1), 
(c) v(n, k, s) ~< 3,(n, k + 1, s), 
(d) ~(n+ 1, k, s)>~8(n, k, s), 
(e) 8(n, k, s) I> 8(n, k, s + 1), 
(f) 8(n ,k+l , s )>~8(n ,k ,s ) ,  
(g) 8 (n+1,  k,s+l)>~8(n, k,s). 
Theorem 5. For every n, r, k >1 1 and p, q such that 0 ~ p < r and 0 < q < n, the 
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following hold: 
(a) "y(nr, k, (n -q ) ( r -p ) )~ < 3~(n, 3,(r, k, r -p ) ,  n_q) ,  
(b) 8(nr, k, nr-pq)>~8(n, 8(r, k, r -p ) ,  n-q) .  
Froo| .  Given a vector (x l , . . . ,  xr, Xr+l,. • •, x2 , . . . . ,  x(,-x),+l, • • •, x~) in V~ ~, we 
may consider it as a vector of length n formed by symbols 
Y i=(xi~+l, . . . ,x( i+l)r) in V[,, 0~<i~<n-1;  
if a = 7(r, k, r -p )  is the minimal cardinality of a (r, k, r -p) -cover ing set H~, then 
for every Y~ there exists Zj ~ Hx such that Yi belongs to the p-dimensional rook 
domain of Zj (i.e., Y, and Z i disagree in at most p coordinates). 
Now, consider y(n, a, n -q )  as the minimal cardinality of a (n,a, n_q)_  
covering set H2 for V~, where the symbols are the elements of H1; then, given the 
vector Z = (z~, . . . ,  z,) it is clear that there exists a vector w ~ HE such that W and 
Z disagree in at most q coordinates. Thus, the first vector (Y l , . - . ,  Y,) and W 
disagree in at most (n -q )p  + qr coordinates, or, in other words, they match in at 
least nr -  ((n - q)p + qr) = (n - q)(r - p) coordinates, and the inequality in part (a) 
follows. 
(b) Again, given a vector in V~k ~, we may think of it as a vector of length n 
formed by symbols in Wk. Let 6(r, k, r -p )  be the maximum number of colors in a 
(r, k, r -  p)-coloring set for V~; we have then 8(r, k, r -p )  classes of vectors in V~ 
with the property that any element of a class may be transformed into an element 
of another class with at most p changes in its coordinates. 
Considering an alphabet formed by a =8(r,  k, r -p )  symbols, we have b = 
8(n, 8(r, k, r -p ) ,  n-q)  colors in V~ such that any vector of V~ can be trans- 
formed into another vector colored with some desired color by changing at most q 
of its coordinates. 
But q changes in the coordinates of a vector of V2~ means p • q changes in a 
vector of V~'; so, at least b colors can be used in a (nr, k, nr-pq)-color ing set for 
V~ ~, and so 8(nr, k, nr-pq)>~b. [] 
When p = 0 and q = 1 in Theorem 5(a), we obtain ~/(nr, k, (n -  1)r)~<8(n, k'),  
and when q=0 and p~<r 7(nr, k, n ( r -p ) )~v( r ,  k, r -p)" ,  which is a particular 
case of Lemma 3. With the values q =p = 1, Theorem 5(b) gives relation (X). 
A d-Latin code in V~ is defined as a subset G of V~ with exactly k m vectors, 
m = n -  d + 1, such that H(X, Y)>1 d for every X, Y e G. These codes are also 
known as maximum-distance s parable codes with distance d in V~. 
According to [1], a d-Latin code is equivalent o a set of d -1  mutually 
(n - d + 1)-wise orthogonal (n - d + 1)-dimensional Latin 'hypercubes'. In particu- 
lar, a (n -  1)-Latin code in V~ is equivalent o a set of (n -  2) pairwise mutually 
orthogonal Latin squares of order k. 
Theorem 6. I f  there exists a (d + 1)-Lat/n code in V'~, then, for every r >I 1, the 
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following hold: 
(a) "y(n, kr, n - d) ~ k"-a'y(n, r, n - d), 
(b) 8(n, kr, n -d )>~kaS(n ,  r, n -d ) .  
Proof. (a) We note first that in (d + 1)-Latin code G ___ V~ any choice of n -  d 
coordinates (from the n possible places) presents all the K n-d vectors of V'~k -a 
(for, if two vectors agree in n -  d coordinates, their mutual distance is less than 
d + 1, contradicting the definition of a (d + 1)-Latin code). 
Let X = (al, • . . ,  a,)  be a vector in V'~kr and let ai = rbi + q, 1 <~ i ~ n, where 
0 ~< i ~< r -  1 and 0 ~< b~ ~< k - 1; if we consider the vectors X1 = (bl, • . . ,  b,) and 
X2 = (a l , .  • •, a,)  then X = r- X I+ X2 (where • and + denote the usual operations 
of scalar product and vector addition respectively). 
If H is a minimal (n, r, n - d)-covering set for V~, and G is a (d + 1)-Latin code 
in V~, we claim that the set 
rG+H={r .  ZI+Z2:  ZI~G and Z2~H} 
is a (n, kr, n -  d)-covering set for V'~k,. Indeed, given a vector X in V~,, it may be 
decomposed as X = r .  X1 + X2, X1 ~ V~k and X2 e VT. 
It is clear that there exists a vector Y2 in H which agrees with X2 in (n -  d) 
coordinates and that there exists a vector Y1 in G which agrees with X1 in these 
(n - d) coordinates, as we have already noted. So the vector r • Y1 + Y2 belongs to 
rG + H and X belongs to its d-dimensional  rook domain. 
Since IrG + Hi = k "-a • "v(n, r, n -  d), the result follows. 
For part (b), we observe that the existence of a (d + 1)-Latin code G in V~ 
implies the existence of exactly K a disjoint (d + 1)-Latin codes: Just consider the 
sets 
Gi = {V~}+ G = {vi +X:  X~ G}, 
for all vectors Vi~ V,  k of the form Vi = (al,  aa, • •. ,  aa, 0, 0 , . . . ,  0). 
It is easy to see that each set G~ is a (d+l ) -Lat in  code in V~ and that 
G~fqGj=O for i~], l<~i,]<~k a.
Since we have a = ~ (n, r, n -  d) disjoint (n, r, n -d) -cover ing  sets 
H1, Ha , . . . ,  Ha, (see Lemma 1), we can construct (k a- a) disjoint (n, kr, n -d ) -  
covering sets, namely: 
rGi+Hi, I~<i~<K a, l<~]<~a. [] 
3. Particular bounds and first values of ~/and 8 
Maximum distance separable codes with distance d in V~ (or d-Latin codes in 
V~) are known to exist in many cases: according to [5], we have: 
(1) For every n, k, (k >I 2) there exists a 2-Latin code in V'~k, 
(2) If K is a power of 2, there exists a k-Lat in code in V~ +2. 
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If k is a prime or pr ime power, there exist: 
(3) (n - 1)-Latin codes in V~, for every 2 ~< n ~< k + 1, 
(4) 3-Latin codes in V~, for every 4 ~< n <~ k + 1 (the Hamming codes and its 
subcodes), 
(5) d-Lat in codes in V~ for every 1 ~< d ~< n + 1, if n <~ k - 1 (the Reed-Solomon 
codes and its subcodes), 
(6) d-Lat in codes in V~ +~ for every 4~ d ~< k. 
As a consequence, in view of Theorem 6, we obtain the following bounds: 
Corollary 7. (a) o-(n, kr)<~k"-lo'(n, r) and to(n, kr)~kto(n, r) for every n, k, r, 
(b) ~(2" +2,  2"r, 3)<~23"~/(2" +2,  r, 3) and 8(2" +2,  2"r, 3)>12 "(2n-1) 8(2" +2, 
r, s) for every n, r: 
If k is a prime or pr ime power, then: 
(c) v(n, rk, 2) ~< k2~/(n, r, 2) and 8(n, rk, 2) >1 k "-2 8(n, r, 2) 
k+l ,  
(d) 
every 
(e) 
every 
(f) 
for every 2~<n~< 
3,(n, rk, n - 2) ~< k"-23,(n, r, n - 2) and 
4<~n~<k+l ,  
~/(n, rk, n -d )  <~ k"-a'v(n,  r, n - d) and 
2<~n<~k-1  and l~<d<~n-2 ;  
"v(k + 1, rk, k + 1 - d) <~ kk+l-a~(k + 1, r, k + 1 - d) 
kaT(k  + 1, r, k + 1 - d) for every 3 ~< d ~ k - 1. 
8(n, rk, n-2)>~k2"y(n,  r, n-2)  for 
8(n, rk, n-d)>-- kaS(n ,  r, n -d )  for 
and 8(k+l ,  rk, k+ l -  
Corol lary 8. I [  k is a prime or prime power, then: 
(a) ~r(k + 1, kr) = rkk k- l ,  for every r>~ 1, k i> 1, 
(b) to(n+ 1, rk)= rk 2, for every r>~ l,  k >~ l ,  
(c) to (2", 2) = 2", [or every n >1 1. 
Proof. (a) An immediate application of (III), (VIII) and Corollary 7(a), 
(b) application of (XI), (XIII) and Corollary 7(a), 
(c) to (2", 2) ~< 2" (bound (XI)), and 2" = to (2" - 1, 2) ~< to (2", 2) (Lemma 4(g)). [] 
Theorem 9. I[  0 <~ s <~ n and s <~ In~k], then 
(a) ~/(n, k, s) = k and 
(b) 8(n, k, s) = k "-1. 
Proof. (a) Let X=(ax , . . . ,a , )  be a vector in V~ and let the function 4, 
0 ~< i <~ k - 1 be deft_ned such that di (X) is the number  of places ] in X where a i = i. 
We claim that, given X e V~, there exists an io, 0 <~ i0 ~< k - 1, such that d~(X) > 
s. For, otherwise ~-~ ~(X)~ < k( [n /k ] -1 )< n, which is impossible as the sum of 
the left is n, the sum of all possible places in X. 
Thus, given X, there exists a vector (io, i o , . . . ,  io) which covers X, and hence 
the k vectors (0, 0 , . . . ,  0 ) , . . . ,  (k -  1 , . . . ,  k - 1) form an (n, k, s)-covering set. 
On the other hand, an (n, k, s)-covering set has at least k vectors; indeed, 
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i ' i  considering a set with less than k vectors, (a], a2, • • . ,  ak), 1 ~ i <~ m < k, it is easy 
to see that the vector (bl, b2 , . . . ,  b,) formed by symbols bi not present in the 
column i is not covered by this set. Hence, 3,(n, k, s) -- k. 
For part (b) a similar argument, using part (a) and Lemma 1, shows that the 
upper and lower bounds for 8(n, k, s) are k n-1. [] 
Corollary 10. I f  k is a prime or power prime, and 2 ~< n ~< k + 1, the following hold: 
(a) 3,(n, k (n  - 1), 2) -- k2(n - 1), 
(b) ,~(n, k (n  - 1), 2) = k(n-2)(n - 1) (n-l). 
Proof. (a) By Corollary 7(c), 3, (n ,k (n -1) ,2 )<- - -k23 , (n ,n - l ,  2) and by bound 
(VIII), k2(n - 1)<~ 3, (n ,k(n  - 1), 2). 
But by Theorem 9(a), 3,(n, n - 1, 2) = n - 1 and equality follows. 
(b) For part (b) the proof is similar, using (a), Lemma 1, Corollary 7(b) and 
Theorem 9(b). [] 
Some small values of the functions 8 and 3, were verified by the author using the 
bounds described in Corollary 7 and elementary counting arguments: these are 
3,(5,3,3)=9, 
3,(4,4,2)=8, 
3,(8,2,5)=4, 
8(5 ,3 ,3)=27,  
6(4 ,4 ,2)=32,  
6(8 ,2 ,5)=64.  
but it is not clear how to generalize them. 
In [4], it is conjectured that 3,(n, k ,n -s )>~k"-S/ ( " -~l ) ;  all values obtained 
confirm this conjecture, and the bounds described in Corollary 7 would become 
specially interesting if this conjecture proves to be true. 
Table 1 and 2 present the first known values of 3,(n, k,s) and 6(n, k,s) 
Table 1. Values of ~/(n, k, s). 
2 3 4 5 6 7 8 
S S S S S S S 
1 1 2 12  3 123  4 1234 5 123456 1234567 
2 2 2 22  4 222  7 222412 2222 2 4 22224 25 
3 3 5 33  9 333233 33  3 33  333 
4 4 8 48  24 44  43 44  44  44  
5 513  5 5 55  55  55  
6 618  6 72 6 6 66  66  
7 7 25 7 7 7 7 77  76 
8 8 32 8 8 2 x° 8 8 8 
9 9 41 9 33 35 9 9 9 9 
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Table 2. Values of 8(n, k, s). 
n 2 3 4 5 6 7 8 
k S S S S S S S 
1 1 2 1 2 3 1 2 3 4 1 2 3 4 5 1 2 3 4 56  1 2 3 4 5 67  
2 
3 
4 
5 
6 
7 
8 
9 
2 4 4 23 23 22 24 24 24 4 25 25 25 24 26 26 26 26 23 27 27 27 27 26 23 
3 32 5 33 33 32 34 34 33 32 35 35 36 36 36 37 37 
4 42 8 43 25 44 42 45 46 47 
5 52 9 53 54 55 52 56 57 
6 62 12 63 18 64 6 s 66 67 
7 72 13 73 74 7 s 76 77 72 
8 82 16 83 84 25 8 s 86 87 
9 92 17 93 35 33 94 9 s 96 97 
calculated using mainly relations (I), (II), (III), (IX), (XII), Corollary 7, Corollary 
8, Theorem 9 andCorollary 10. 
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